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It is well-known that the magnetic Feshbach resonances of cold atoms are sensitive to the mag-
nitude of the external magnetic field. Much less attention has been paid to the direction of such
a field. In this work we calculate the scattering properties of spin polarized fermionic atoms in
reduced dimensions, near a p-wave Feshbach resonance. Because of spatial anisotropy of the p-wave
interaction, the scattering has nontrivial dependence on both the magnitude and the direction of
the magnetic field. In addition, we identify an inelastic scattering process which is impossible in
the isotropic-interaction model; the rate of this process depends considerably on the direction of
the magnetic field. Significantly, an EPR entangled pair of identical fermions may be produced
during this inelastic collision. This work opens a new method to manipulate resonant cold atomic
interactions.
PACS numbers: 03.75.Ss,05.30.Fk,67.85.-d,34.50.-s
Introduction.—Unlike electrons in condensed matter
and nucleons inside a nucleus, ultracold atoms have tun-
able interactions thanks to the magnetic Feshbach reso-
nances [1]. The direction of the magnetic field plays little
role in isotropic s-wave interactions, other than providing
a quantization axis for the hyperfine states. For p-wave
interactions, however, the resonance positions for differ-
ent orbital magnetic quantum numbers may be different
due to the anisotropic magnetic dipole-dipole interaction
[2, 3]. The physical implication of this split for cold
atomic scatterings in reduced dimensions has not been
explored theoretically. In previous theoretical work on
these scatterings, such split was not taken into account
[4, 5]. While this omission is reasonable for atoms with
small magnetic dipoles such as 6Li [6], we have to con-
sider the effect of the split for other atoms such as 40K
which show large splits [2, 3].
In reduced dimensions, new two-body scattering reso-
nances known as confinement-induced resonances (CIRs)
[7] appear. Recently an impressive amount of work was
devoted to the s-wave CIRs [8–11].
In this Letter we study the scattering of two spin-
polarized fermionic atoms near p-wave Feshbach reso-
nances, confined in low dimensions. We will assume
that the oscillator length in the confinement directions
is much larger than the tiny Van der Waals length scale.
Because of the split of resonance positions for different
orbital magnetic quantum numbers, we find that 1) one
can tune the scattering properties continuously by chang-
ing the direction of the magnetic field, 2) a new inelastic
scattering process where one of the two atoms is excited
in the confined direction by ~ω is now possible, where ω
is the angular frequency for the confinement, and 3) in
quasi-one-dimension (quasi-1D), by choosing the magni-
tude and direction of the field and the collision energy
judiciously, one can have 100% probability for this in-
elastic process, thus creating an EPR entangled pair.
Short-range boundary conditions.— In the pres-
ence of a uniform external magnetic field B, if two
fermionic atoms in the same hyperfine state have a res-
onant p-wave interaction but negligible interactions in
higher partial waves, their relative wave function has a
partial wave expansion
ψ(r) =
1∑
m=−1
[Am
r2
+Bm+ Cmr+O(r2)
]
Y1m (rˆ)+O(r
3),
(1)
at a distance r that is small compared to the average
inter-atomic distance but still large compared to the
range of interaction. Here Y1m(rˆ) are spherical harmon-
ics whose north pole is in the direction of B.
We assume that the scattering phase shifts δ1m for dif-
ferent m’s may be different; at small collision energies we
shall take the following effective range expansion [2]:
k3 cot δ1m = −v−11m + r1mk2/2, (2)
where v1m and r1m are respectively the p-wave scattering
volume and effective range. Unlike in the s-wave interac-
tion, the p-wave effective range is essential near resonance
[12–14]. From Eq. (2) we can easily derive three linear
constraints on the coefficients Am, Bm, and Cm:
v−11mAm − r1mBm + 3Cm = 0, (m = 0,±1) , (3)
which generalize the boundary condition in Ref. [15] to
anisotropic p-wave interactions. Unlike Eq. (2), Eq. (3)
is also applicable to the quantum states without a cer-
tain collision energy. In this sense Eq. (3) is similar to the
Bethe-Peierls boundary condition [16] for s-wave interac-
tions. We expect Eq. (3) will be very useful in the theory
of N cold atoms with anisotropic p-wave interactions.
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Figure 1: (Color online) Resonant scattering proper-
ties of two spin-polarized 40K fermionic atoms in the
|F = 9/2, mF = −7/2〉 hyperfine state as functions of the ex-
ternal magnetic field strength. (a) The p-wave scattering vol-
ume v1m in three dimensions [2]. (b) The 2D scattering areas
sx and sy in quasi-2D at the scattering threshold (ǫ = 0), with
the magnetic field being parallel to the plane wherein atoms
lie (i.e., α = π/2). (c) The 1D scattering length l1D in quasi-
1D at the scattering threshold (ǫ = 0), with the magnetic
field being perpendicular to the waveguide (i.e., α = π/2),
and (d) the magnetic field is parallel to the waveguide (i.e,
α = 0). Here aB is the Bohr radius. To compare with the
experiments, we have chosen the corresponding parameters
from Ref. [3], and the effective-range-expansion parametriza-
tion from Ref. [2].
Quasi-2D Fermi gases.— Consider the scattering of
two fermionic atoms in the same hyperfine state, sub-
ject to a tight harmonic confinement along the z axis.
The wave function ψ(r) for the relative motion satisfies
the Schrödinger equation (−~2∇2/2µ+µω2z2/2)ψ = Eψ
outside the range of interaction, where µ is the reduced
mass, and E is the relative collision energy which ex-
cludes the center-of-mass energy. Without loss of gener-
ality we assume the external magnetic field lies in the xz
plane, and forms an angle α with the +z axis. Assuming
that the incoming atoms are in the axial ground state,
and the incident direction forms an angle β with the +x
axis, we obtain the scattering wave function
ψ(r) = sin[q0ρ cos(ϕ−β)]e−
z2
2d2 +
∑
n
WnrnLn(ǫ, r), (4)
where ǫ ≡ E
~ω − 12 for this quasi-2D geometry, ρ and ϕ are
polar coordinates: ρ cosϕ = x, ρ sinϕ = y, d =
√
~/µω is
the oscillator length, q0 =
√
2ǫ/d, the summation is over
n = x, y, z with rx ≡ x, ry ≡ y, rz ≡ z, and the func-
tions Ln(ǫ, r) are related to the gradients of the Green’s
function of the 3D harmonic oscillator Hamiltonian (see
Appendix E of Ref. [17]):
Ln(ǫ, r) = 1√
2π d3
ˆ ∞
0
dτ
e(ǫ+
1
2
)τ− ρ2
2d2τ
− z2
2d2 tanh τ
τ2−jn sinhjn+
1
2 τ
(5)
for ǫ < jn. Here jx = jy = 0 and jz = 1. To have
outgoing scattered waves at higher energies, we should
analytically continue Ln(ǫ, r) from ǫ < jn to ǫ > jn along
routes above the real-ǫ axis.
To determine the coefficients Wn in Eq. (4), we make
a coordinate transformation x = x′ cosα + z′ sinα, y =
y′, z = −x′ sinα + z′ cosα. The z′ axis is parallel to
the magnetic field. Expanding ψ at small (x′, y′, z′) and
matching the boundary conditions Eq. (3), we find
Wx = −3d
3q0(D0z cos
2 α+D1z sin
2 α) cosβ
D0zD1x cos2 α+D0xD1z sin
2 α
, (6a)
Wy = −3d
3q0 sinβ
D1x
, (6b)
Wz =
3d3q0(D0 −D1) cosβ sinα cosα
D0zD1x cos2 α+D0xD1z sin
2 α
, (6c)
where Dmn = Dm + cn(ǫ), Dm = v
−1
1md
3 − (ǫ + 12 )r1md,
and cn(ǫ) = limr→0 3d3
[Ln(ǫ, r) − r−3 − (ǫ + 12 )/d2r
]
.
Note that cn(ǫ) are pure mathematical functions [18].
If 0 < ǫ < 1, both atoms will remain in the axial
ground state after the collision, i.e. the collision is purely
elastic. At large ρ the wave function takes the form
ψ(r) ≈ − i
2
e−
z2
2d2
{
2i sin
[
q0ρ cos(ϕ− β)
]
+
f00(ϕ)√
ρ
eiq0ρ
}
,
(7)
where f00(ϕ) is the elastic scattering amplitude:
f00(ϕ) = e
πi/4
(
2
√
2q0 /d
)
(Wx cosϕ+Wy sinϕ). (8)
Doing a partial-wave expansion at large ρ, we find ψ is a
linear combination of e−z
2/2d2ρ−1/2 cos(q0ρ+ π4+δx) cosϕ
and e−z
2/2d2ρ−1/2 cos(q0ρ+ π4 +δy) sinϕ plus higher par-
tial wave components. The phase shifts δx and δy are
independent of the incident angle β:
e2iδx = 1+
i
√
π q0
d
Wx
cosβ
; e2iδy = 1+
i
√
π q0
d
Wy
sinβ
. (9)
We find the energy-dependent scattering areas for the
p-wave scattering in two dimensions:
sx = − tan δx
q20
=
3
√
π d2(D0z cos
2 α+D1z sin
2 α)
2Re(D0zD1x cos2 α+D0xD1z sin
2 α)
,
(10a)
sy = − tan δy
q20
=
3
√
π d2
2ReD1x
, (10b)
3where Re stands for the real part. The total elastic scat-
tering cross section σ00 =
1
2
´ 2π
0
|f00(ϕ)|2dϕ yields
σ00 =
16
q0
(
sin2 δx cos
2 β + sin2 δy sin
2 β
)
. (11)
If 1 < ǫ < 2, one atom may go to the axial first excited
state after the collision. At large ρ we have approxi-
mately
ψ(r) ∝ {2i sin [q0ρ cos(ϕ− β)
]
+ f00(ϕ)ρ
−1/2eiq0ρ
}
φ0(z)
+ f01ρ
−1/2eiq1ρφ1(z), (12)
where q1 =
√
2(ǫ− 1) /d, φ0(z) = 1π1/4d1/2 e−z
2/2d2 and
φ1(z) =
√
2
π1/4d3/2
ze−z
2/2d2 are normalized axial energy
eigenfunctions, f00(ϕ) is still given by Eq. (8), and f01 =
4e3πi/4Wz/(d
2√q1 ). The total scattering cross section is
now σ = σ00+σ01, with σ00 being the elastic cross section
[still given by Eq. (11)], and σ01 =
q1
2q0
´ 2π
0 |f01|2dϕ the
inelastic cross section. We find
σ01 =
144π
√
2ǫ d(D0 −D1)2 cos2 β sin2 α cos2 α∣∣D0zD1x cos2 α+D0xD1z sin2 α
∣∣2 . (13)
The occurrence of this inelastic process has three nec-
essary conditions: (A) the phase shifts for m = 0 and
|m| = 1 should be different, so that D0 6= D1; (B) the
magnetic field is neither parallel nor perpendicular to the
quasi-2D plane, i.e., α 6= 0, π/2; (C) the magnetic field
is not perpendicular to the incident direction, so that
β 6= π/2.
As a consistency check, one can verify that the total
cross section obeys the optical theorem in 2D [19]: σ =
2
√
2π/q0Re
[
e−3πi/4f00(β)
]
.
Let us illustrate our results using the parameters in the
quasi-2D 40K experiment [3]. In Fig. 1b we plot the p-
wave scattering areas versus the magnetic field strength
at ǫ = 0. The resonance positions are shifted from their
free-space values, mainly due to the zero-point energy,
and they agree with Ref. [3]. In Fig. 2 (left column) we
only show how the resonances in sx change as the mag-
netic field is tilted, since sy does not depend on α (sy is
shown in Fig. 1b). If α = 0, there is only one resonance
in sx, corresponding to the |m| = 1 channels. As α in-
creases, one additional resonance in sx corresponding to
the m = 0 channel appears. The relative widths of the
two resonances change, and their positions shift slightly
as well. When α = π/2, the |m| = 1 resonance in sx dis-
appears, while the |m| = 1 resonance in sy still exists (see
Fig.1b). In Fig. 3 (top) we show the anisotropy of the p-
wave interaction by plotting the elastic differential cross
section |f00(ϕ)|2 at ǫ = 0.01 and B = 198.574G, which is
detuned by approximately −0.001G from the free space
|m| = 1 resonance at collision energy 0.51~ω. In Fig. 3
(bottom) we plot the inelastic cross section σ01 at ǫ = 1.5
and B = 199.623G (detuned by approximately −0.014G
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Figure 2: Left column: the 2D scattering area sx at ǫ = 0 for
various angles between the field and the normal direction of
the quasi-2D plane. Right column: the 1D scattering length
l1D at ǫ = 0 for various angles between the field and the quasi-
1D line. Dashed lines indicate the locations of resonances.
Parameters are the same as in Fig. 1.
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Figure 3: (Color online) (Top) The angular distributions of
the elastic differential cross section |f00(ϕ)|2 in quasi-2D for
different incident directions (black lines) at ǫ = 0.01, α =
π/2, and B = 198.574G. The corresponding scattering phase
shifts are δx ≈ −0.037◦ and δy ≈ −59.588◦. (Bottom) The
inelastic cross section σ01 varying with the relative direction
of the magnetic field at ǫ = 1.5 and B = 199.623G. All other
parameters are the same as in Fig. 1.
from the free space m = 0 resonance at collision energy
2~ω). We find that σ01 has a broad peak as a function of
the direction of the field relative to the incident direction
of the two atoms.
Quasi-1D Fermi gases.—We now consider the scat-
tering of two fermionic atoms in the same hyperfine
state, subject to an axially symmetric harmonic con-
finement toward the z axis. The wave function ψ1D(r)
for the relative motion satisfies the Schrödinger equation
(−~2∇2/2µ+µω2ρ2/2)ψ1D = Eψ1D outside the range of
interaction, where µ is the reduced mass, ρ =
√
x2 + y2,
4and E is the relative energy which excludes the center-
of-mass energy. Let the external magnetic field lie in the
xz plane, and form an angle α with the +z axis. Assum-
ing that the incoming atoms are in the transverse ground
state, we obtain the scattering wave function
ψ1D(r) = e
−ρ2/2d2 sin(q0z) +
∑
n
W 1Dn rnL1Dn (ǫ, r), (14)
where ǫ ≡ E
~ω−1 for this quasi-1D geometry, d =
√
~/µω,
q0 =
√
2ǫ/d, the summation is over n = x, y, z, and
L1Dn (ǫ, r) =
1√
2π d3
ˆ ∞
0
dτ
e(ǫ+1)τ−
ρ2
2d2 tanh τ
− z2
2d2τ
τ
3
2
−jn sinhjn+1 τ
(15)
for ǫ < jn. Here jx = jy = 1 and jz = 0. To have
outgoing scattered waves at higher energies, we analyti-
cally continue L1Dn (ǫ, r) toward greater values of ǫ along
routes above the real-ǫ axis. Taking the same coordinate
transformation as in the quasi-2D case, and using the
boundary conditions Eq. (3), we find
W 1Dx =
3d3q0(D
1D
0 −D1D1 ) sinα cosα
D1D0z D
1D
1x cos
2 α+D1D0x D
1D
1z sin
2 α
, (16a)
W 1Dy = 0, (16b)
W 1Dz = −
3d3q0(D
1D
1x cos
2 α+D1D0x sin
2 α)
D1D0z D
1D
1x cos
2 α+D1D0x D
1D
1z sin
2 α
, (16c)
where D1Dmn = D
1D
m +c
1D
n (ǫ), D
1D
m = v
−1
1md
3− (ǫ+1)r1md,
and c1Dn (ǫ) = limr→0 3d
3
[L1Dn (ǫ, r)− r−3 − (ǫ + 1)/d2r
]
.
Note that c1Dn (ǫ) are pure mathematical functions [20].
For 0 < ǫ < 2, at |z| → ∞ we find asymptotically
ψ1D(r) ∝ sgn(z)
(
e−iq0|z| + g00eiq0|z|
)
e−ρ
2/2d2
+ θ(ǫ− 1)g01eiq1|z|(
√
2 x/d)e−ρ
2/2d2 , (17)
where sgn(z) is the sign of z, θ is the unit step function,
q1 =
√
2(ǫ− 1)/d, g00 = −1 − 4iW 1Dz /d2, and g01 =
4W 1Dx /
(√
ǫ− 1 d2).
In the window of energies 0 < ǫ < 1, the 1D scatter-
ing is purely elastic, with a 1D phase shift δ1D given by
the equation g00 = −e2iδ1D . The energy-dependent 1D
scattering length is
l1D = − tan δ1D
q0
=
6d(D1D1x cos
2 α+D1D0x sin
2 α)
D¯1D0z D
1D
1x cos
2 α+D1D0x D¯
1D
1z sin
2 α
,
(18)
where D¯1Dmz ≡ D1Dmz − i6
√
2ǫ = D1Dm − 12ζ(− 12 , 2−ǫ2 ), and
ζ(s, a) is the Hurwitz zeta function [21].
For isotropic interactions, D1D0 = D
1D
1 , our result re-
duces to l1D = 6d/D¯
1D
mz, which agrees with Ref. [4] but
disagrees somewhat with Ref. [5]. At ǫ = 0 we find
l1D = 6d/
[
(d/a1)
3 − r1d − 12ζ(− 12 )
]
, where the denom-
inator contains an extra term −r1d compared to Eq.(9)
of Ref. [5], because of a finite zero-point energy ~ω for
the collision. For anisotropic interactions, D1D0 6= D1D1 ,
we should use the more general formula Eq. (18), and
l1D depends on the direction of the magnetic field. In
Fig. 1 (c)(d) we illustrate this by plotting l1D for
40K at
ǫ = 0 for two different directions of the field. The atom
loss peaks observed in Ref. [3] were about 0.2 ∼ 0.3G
to the right of the resonance positions shown in Fig. 1
(c)(d), probably because of the finite Fermi energy and
thermal effects in the experiment. In Fig. 2 (right col-
umn) we show how the resonances in l1D change as the
magnetic field is tilted. The physics is somewhat analo-
gous to the 2D case, but we see more appreciable shifts
of the resonance positions as α changes.
In the window of energies 1 < ǫ < 2, one atom may go
to a transverse first excited state after the collision. The
transmission coefficient to this excited state is
T = q1
q0
|g01|2 =
288
√
ǫ
ǫ−1 (D
1D
0 −D1D1 )2 sin2 α cos2 α
∣∣D1D0z D1D1x cos2 α+D1D0x D1D1z sin2 α
∣∣2 .
(19)
The probability of the elastic scattering is R = |g00|2.
For 1 < ǫ < 2 one can verify that R+ T = 1.
In Fig. 4 we plot the variation of the inelastic transmis-
sion coefficient with the direction of the magnetic field at
a magic value of magnetic field strength, at which the
peak value of T is 1. At each collision energy satisfying
ǫc < ǫ < 2, we find two magic points on the parameter
plane (B,α), such that g00 = 0 and the transmission co-
efficient T reaches unity [22]. When this happens, one
and only one atom is excited transversely, but we do not
know which, and the outgoing state is an EPR pair with
maximum entanglement, with two-body wave function
Ψ∝eiq1|z1−z2|[φ0(x1, y1)φx(x2, y2)−φx(x1, y1)φ0(x2, y2)
]
,
(20)
where (xi, yi, zi) are the coordinates of the ith atom, φ0 is
the transverse ground state, and φx(x, y) ∝ xφ0(x, y) is
a transverse excited state wave function. The two magic
points approach each other when ǫ approaches ǫc [22]
from above, merge into one point at ǫ = ǫc, and disappear
at ǫ < ǫc. When ǫ < ǫc we always have T < 1. When ǫ
approaches 1 from above, T ∝ (ǫ− 1)1/2, consistent with
the threshold law for inelastic collisions in 1D [23].
In conclusion, we have theoretically studied the low-
dimensional scattering properties of a spin polarized
Fermi gas near p-wave Feshbach resonances. Due to the
spatial anisotropy of the p-wave interaction, the scatter-
ing properties are strongly dependent on the direction of
the external magnetic field. We have also investigated
the new inelastic scattering processes which are absent
in previous theoretical models based on isotropic p-wave
interactions. In particular, for the quasi-one-dimensional
geometry, one can create an EPR entangled state of two
identical fermions using the collision; this may be useful
for quantum information with cold atoms.
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